n z H be the wreath product of N by H, where N is a finite nilpotent group, and H is a generalized quaternion group or a dihedral group of order 2 n . Then the normalizer property holds for G.
Introduction
Let G be a finite group and ZG be the integral group ring of G over Z. We denote by ZðUðZGÞÞ the center of UðZGÞ, where UðZGÞ is the group of units in ZG. It is an classical problem to investigate the normalizer N UðZGÞ ðGÞ of G in UðZGÞ. Obviously, N UðZGÞ ðGÞ d GZðUðZGÞÞ. A naturally arising question (Sehgal [15, Problem 43] ) is whether N UðZGÞ ðGÞ ¼ GZðUðZGÞÞ when G is finite. If this equality holds, then we say that G has the normalizer property. This equality was proved for finite nilpotent groups by Coleman [1] and later by Jackowscki and Marciniak [5] for finite groups having a normal Sylow 2-subgroup. In particular, the normalizer property holds for finite groups of odd order. Mazur [8] , [9] , [10] noticed that there is a close connection between the normalizer problem and the isomorphism problem, which asks whether ZG G ZH implies G G H. By using a generalization of Mazur's result, among other things, Hertweck [2] constructed counter-examples to both the normalizer problem and the isomorphism problem. Nevertheless, it is still of interest to determine for which groups the normalizer property holds.
Recently, Li, Sehgal and Parmenter [6] proved that the normalizer property holds for any finite group G with RðGÞ ¼ 1, where RðGÞ denotes the intersection of all nonnormal subgroups of G. Marciniak and Roggenkamp [7] showed that the normalizer property holds for finite metabelian groups having an abelian Sylow 2-subgroup. Petit Lobão and Polcino Milies [12] proved that the normalizer property holds for finite Frobenius groups. In addition, Petit Lobão and Sehgal [13] proved that the normalizer property holds for complete monomial groups.
In this article, we investigate the wreath product G ¼ N wr H ¼ N 2 n z H, where N is a finite nilpotent group, and H is a generalized quaternion group or a dihedral group of order 2 n . First, let us set up our notation for the wreath product. Let H ¼ fh 1 ; h 2 ; . . . ; h 2 n g. Then H acts on the set fh 1 ; h 2 ; . . . ; h 2 n g by right multiplication. Let N 2 n be the direct product of 2 n copies of N indexed by the set fh 1 ; h 2 ; . . . ; h 2 n g.
n z H (with respect to the action defined above) is called the (standard) wreath product of N by H, and denoted by N wr H, and the normal subgroup N 2 n is called the base group of the wreath product. For general information regarding wreath products, we refer the reader to Neumann [11] and Rose [14] .
A result of Hertweck [4] (see Lemma 2.6 below) says that if the Sylow 2-subgroups of a finite group G are dihedral or generalized quaternion, then the normalizer property holds for G. Motivated by this result, we shall prove the following:
n z H be the wreath product of N by H, where N is a finite nilpotent group, and H is a generalized quaternion group or a dihedral group of order 2 n . Then the normalizer property holds for G.
Preliminaries
We present some results which will be used frequently. First we fix some notation. We write j u to denote the automorphism of G induced by u A N UðZGÞ ðGÞ, i.e., j u ðgÞ ¼ u À1 gu for all g A G, and conjðxÞ to denote the inner automorphism of G induced by x A G, that is, conjðxÞðgÞ ¼ x À1 gx for all g A G.
Other notation used will be mostly standard. Lemma 2.3 (Petit Lobão and Sehgal [13] ). If u A N UðZGÞ ðGÞ, then j u ðgÞ and g are conjugate in G.
Lemma 2.4 (Coleman [1]).
Suppose that P is a p-subgroup of a finite group G and u A N UðZGÞ ðGÞ. Then there exists y A G such that j u ðgÞ ¼ u À1 gu ¼ y À1 gy for all g A P.
Lemma 2.5 (Jackowscki and Marciniak [5] ). Let S be a fixed Sylow 2-subgroup of a finite group G and I S ¼ fj u j u A N UðZGÞ ðGÞ; j u j S ¼ id; j 2 u ¼ idg. Suppose that I S J InnðGÞ. Then the normalizer property holds for G. Lemma 2.6 (Hertweck [4] ). If Sylow 2-subgroups of G are dihedral or generalized quaternion, then the normalizer property holds for G. 
A special case
In this section we prove the Main Theorem for the special case in which A is a finite abelian group. For each choice of H the center ZðHÞ of H is of order 2. In view of Lemma 2.5, it su‰ces to prove the following:
where A is a finite abelian group, and H is a generalized quaternion group or a dihedral group of order 2 n . Let S ¼ S 1 z H be the fixed Sylow 2-subgroup of G and I S ¼ fj u j u A N UðZGÞ ðGÞ; j u j S ¼ id; j 
That is, j u ¼ conjðlÞ. Since l A ZðHÞ ¼ f1; zg, it follows that j u A fid; conjðzÞg. As j u is arbitrary, we have I S J fid; conjðzÞg. On the other hand, since S 1 is trivial, we have I S K fid; conjðzÞg. Hence I S ¼ fid; conjðzÞg. 
The general case
In this section we shall show that the Main Theorem holds in general. In view of Lemma 2.5, it su‰ces to prove the following:
where N is a finite nilpotent group, and H is a generalized quaternion group or a dihedral group of order 2 n . Let S ¼ S 1 z H be the fixed Sylow 2-subgroup of G and I S ¼ fj u j u A N UðZGÞ ðGÞ; j u j S ¼ id; j 
for all x i A P i . Let a i ¼ a i1 . . . a ii . . . a ir , where a ik A P k with k A f1; 2; . . . ; rg. Since P i char N 2 n t G, it follows that P i t G and thus t À1 i x i t i A P i . Then, by (4.2), for all x i A P i , we have
ð4:3Þ
Next we will show that t j ¼ t i for any j A f1; 2; . . . ; rg with j 0 i. By (4.3), for all z i A ZðP i Þ, we have
Similarly, for all z j A ZðP j Þ, we have
Combining (4.4) with (4.5), we get
On the other hand, by Lemma 2.3, there exist a 0 A N 2 n and t A H such that
Hence, by (4.6) and (4.7), we have z
Since ZðP i Þ and ZðP j Þ are extensive in N 2 n , it follows that t i ¼ t ¼ t j . Then, by (4.3), for each P i and all x i A P i , we have
n with x i A P i , we have 
Hence j u ¼ conjðsÞ A fid; conjðzÞg. Since j u is arbitrary, we obtain that I S J fid; conjðzÞg. On the other hand, since N 2 n is of odd order, it follows that fid; conjðzÞg J I S . Hence I S ¼ fid; conjðzÞg.
Case 2. Assume that N is of even order.
Let N 0 be the derived subgroup of N. Since N is a non-abelian nilpotent group, we have 1 0 N 0 0 N. It is easy to see that
We use the bar convention for elements and subgroups of the quotient group
Note that N=N 0 is an abelian group of even order. Then, by Theorem 3.1 (2),
Since N 2 n t G, by Lemma 2.3, we have j u ðN 2 n Þ ¼ N 2 n . Thus j u induces an automorphism of G, denoted by j u . Since j u A I S , it follows that j u A I S and thus j u ¼ id. That is, for all g A G,
Then, by (4.9) and (4.11), we have a À1 t À1 xta ¼ x; that is,
is extensive in itself, it follows from (4.12) that t ¼ 1 and thus t ¼ 1. Now, by (4.9), we have
On the other hand, by assumption j . . . ; rg. Further, we claim that a i A ZðP i Þ for each i A f2; 3; . . . ; rg. In fact, since by our assumption P i is a Sylow subgroup of N 2 n of odd order for each i A f2; 3; . . . ; rg, it follows that a i is of odd order for each i A f2; 3; . . . ; rg. Thus a 2 i A ZðP i Þ implies a i A ZðP i Þ for each i A f2; 3; . . . ; rg. In addition, by assumption j u j S 1 ¼ id, that is, j u j P 1 ¼ id. Hence, by (4.13), for any x ¼ x 1 x 2 . . . By (4.1) and (4.14), we have j u ¼ id. Since j u is arbitrary, it follows that I S ¼ fidg. This completes the proof of Theorem 4.1. r
